ABSTRACT In this paper, we propose an efficient computational boundary control strategy for reducing water pressure shock effects generated by the suddenly operation of the valve closure located at the end of a fluid flow pipeline. First, we model the dynamic of the fluid flow transmission system as a coupled hyperbolic partial differential equations (PDEs), and then the water pressure suppression problem is formulated as a finite-time PDE-constrained optimal control problem. Second, we directly parameterize the time-varying boundary control input as a set of basic piecewise-quadratic functions which are needed to be optimized, the penalty function method is also introduced to deal with the inequality control constraint. As a result, the original PDE-constrained problem is transformed as a sequence of parameter optimization problems which can be easily solved by using existing gradient-based methods such as sequential quadratic programming (SQP). The exact gradient formulas of the cost function are derived analytically by using adjoint-based sensitivity analysis method. Finally, numerical simulations are illustrated to demonstrate our designed computational optimal boundary controller can significantly reduce the water pressure shock and fluctuation in the fluid flow transmission system. INDEX TERMS Fluid flow, boundary control, control parameterization, optimal control, hyperbolic PDEs.
I. INTRODUCTION
When a valve located at the end of a fluid flow pipeline is suddenly closed, the abrupt halting of fluid flow will generate very huge pressure shocks and fluctuations propagation along the pipeline, which would affect the security of the pipeline system, severe cases may even damage the entire pipeline transmission networks. Thus, seeking various effective strategies to avoid the water pressure shock in the fluid flow transmission system has been attracted a lot of attention in recent years.
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Suppression strategies of water pressure shock in the fluid flow system have applied in many real engineering scenarios, such as petrochemical transmission pipeline [1] , pumped sewer pipeline [2] , spacecraft propulsion injection system [3] , and so on. The current strategies for water pressure shock suppression mainly focus on passive protection, such as pressure relief valve, air chamber, surge tanks [4] , [5] . Although those structure designs are very ingenious, it is still weak to deal with the complex working conditions. Active control, especially boundary control, could be an alternative or supplement to passive protection, which greatly improves the ability to inhibit hydraulic shock.
The dynamic behavior of the flow velocity and pressure in a fluid flow transmission system is related with VOLUME 7, 2019 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/ the spatial-temporal evolution, which can be mathematically described by parabolic or hyperbolic partial differential equations (PDEs), also named as distributed parameter systems. Seeking efficient control strategies for such PDEs has gained considerable attention in recent years. In [6] , a distributed transfer function approach is developed to design the boundary controller cancel the oscillating modes occurring in open channels modeled by linearized Saint-Venant equations. In [7] , a receding horizon optimal boundary controller is designed to avoid shock for a scalar nonlinear hyperbolic PDE system and in [8] , the water hammer equations are stabilized by using receding horizon optimal control technique. In [9] , a boundary feedback controller for the open canals by using a Riemann invariants approach is studied. In [10] , the backstepping method [11] is used to design the boundary controller to stabilize a linearized Saint-Venant-Exner model describing the water flow dynamics in a canal. In [12] , a predictive control method based on the method of characteristics is proposed for the suppression of the pressure surges in crude oil pipelines modeled by a class of hyperbolic PDEs.
In this paper, we focus on solving a water pressure suppression control problem for a class of fluid flow transmission systems modeled by a set of hyperbolic PDEs. The valve is taken as a boundary controller working at the end of the pipeline and needs to be designed optimally so that the water pressure suppression can be mitigated quickly. We formulate the water pressure suppression problem as a finite-time PDE-constrained optimal control problem. Different from previous works [13] and [14] , wherein the original PDE-constrained optimization problem is firstly reduced into an approximation ODE-constrained optimization problem by the model order reduction (MOR) method [15] and then the control parameterization method [16] - [20] is used to solve the problem. In this paper, we extend the control parameterization method and directly use it to the original nonlinear hyperbolic PDE system rather than reducing it as the ODE dynamic system first (e.g., [13] , [14] , [21] ). One advantage of directly working on the original PDE dynamic model is that model truncation errors can be avoided in the ODE dynamic model derived by the MOR. Based on control paramterization, we parameterize the boundary control input as a sequence of piecewise-quadratic basis functions, thus leading to a sequence of parameter optimization problems, whereas they can be easily solved by using existing gradient-based methods such as sequential quadratic programming (SQP). Moreover, to handle the infinite number of constraints existing on the control in the time horizon due to the control parameterization, we introduce the penalty method [22] - [25] combined with a novel smooth function to cancel them. The adjoint-based sensitivity analysis is then developed to derive the analytical gradients of the cost function with respect to the decision parameters. As a result, the gradient-based optimization method is used to obtain the optimal solution. Numerical results demonstrate our designed optimal boundary controller can significantly reduce pressure shock and fluctuation.
In summary, our contributions in this paper are listed as follows:
1) Instead of reducing the original PDE-constrained optimization problem into an approximation ODEconstrained optimization problem firstly, we directly solve the original PDE-constrained optimization problem using control parameterization method. 2) A novel smooth function is utilized to penalty the infinite number of constraints existing on the control, which further reduces the complexity of the PDE-constrained optimization problem.
3) The analytical gradient formulas of the cost function with respect to the decision parameters are derived by adjoint-based sensitivity analysis. 4) Numerical simulation results demonstrate our designed optimal boundary control can significantly reduce the water pressure shock and fluctuation. The rest of this paper is described as follows. In Section II, we first present the fluid flow transmission system with initial conditions, boundary conditions and inequality constraint. Then, we give the cost function of the water pressure shock suppression and propose the PDE-constrained optimal control problem. In Section III, we apply the piecewise-quadratic control parameterization method to approximate the boundary control input and introduce a penalty function approach to handle it. The adjoint sensitivity analysis is then developed to derive the gradient formulas with the consideration of the penalty function. Then we propose a standard gradient-based framework to solve the optimization problem with effective numerical computation. In Section IV, numerical results are illustrated to demonstrate that our proposed computational approach significantly reduces pressure shock and fluctuation, especially successfully applies the penalty function technique to deal with the inequality path constraints. Finally, Section V concludes the paper with summary comments and suggestions for future research. 
II. OPTIMAL CONTROL PROBLEM OF WATER PRESSURE SUPPRESSION
We consider a general and simplified single fluid flow transmission system, which is straight, thin-walled, linearly elastic and circular cross-section, and the total length of the pipeline is L, as shown in Figure 1 . Neglecting the effects of the fluid viscosity, turbulence and the temperature variation, the dynamic flow evolution of the fluid flow transmission system can be mathematically modeled by the following hyperbolic PDEs [26] :
denotes the time variable, D is the diameter of the pipeline, c is the wave velocity, F is the Darcy-Weisbach friction factor, and ρ is the flow density. V (l, t) denotes the the flow velocity in the system, P(l, t) denotes the flow pressure.P 0 (l) and V 0 (l) denote the initial pressure and velocity, respectively. P 0 is the pressure generated by the reservoir on the left boundary, u(t) denotes a boundary valve actuator at the end of the pipeline.
In order to meet the real industrial requirements, i.e., when pipeline leakage occurs, saving resources and reducing risks as far as possible are very necessary, we must ensure that the velocity of flow can be below a certain secure value during a given time interval. Thus, the boundary controller u(t) is need to be constrained by the following bound constraint:
where u(t) = 0 represents a closed valve (e.g., zero flow velocity), U fix denotes an upper bound for the flow velocity, and T 1 ≥ 0 is a given initial time. At the initial moment, the value is assumed fully open, thus we have
where U max denotes a completely open valve (e.g., maximum flow velocity), and U max ≥ U fix . Furthermore, at the terminal time t = T , the valve is required to be closed. Thus, we have the following condition:
When the valve u(t) is suddenly shut, the oscillating pressure will be generated and propagate through the pipeline at a very high speed [27] . As a result, the pressure fluctuation will bring serious damages to the pipeline. The pressure caused by the suddenly shutting of the valve must be controlled. In this paper, our object is to design an effective optimal boundary control input u(t) to quickly suppress the fluid pressure fluctuation. Thus, we propose the following cost function to minimize [28] :
whereT = LT , γ is a positive integer,P is a given constant and P 0 is also a target pressure profile along the pipeline since the final state of the pressure along the pipeline is the same as the pressure generated by the reservoir. Now we can formulate our water pressure suppression control problem as follows. (5) is minimized.
Problem Q 1 : Given pipeline transmission PDE system (1) with the control constraints (2)-(4), our object is to find an optimal control input u(t) such that the cost function

III. OPTIMAL BOUNDARY CONTROL DESIGN
Problem Q 1 is a PDE-constrained optimal control problem. Generally, it is a very difficult to directly obtain the analytical optimal solution for such problem, especially in the presence of non-linear terms. Instead, finding a numerical optimal solution for Problem Q 1 is also another feasible way. Thus, in this section, we will present an effective computational optimal control method based on the control vector parameterization (CVP) to solve Problem Q 1 . Different from using the CVP method to the conventional ODE-constrained optimal control problems obtained from the original PDE problems via various model reduction techniques such as in [13] , [21] , [29] , in this paper, we extend the control parameterization method and directly use it to solve the original PDE-constrained Problem Q 1 .
A. PIECEWISE-QUADRATIC CONTROL PARAMETERIZATION
In practice, the manipulation of the control valve u(t) in the pipeline system is required to be continuous and more smooth. Thus, we here use the piecewise-quadratic basis functions to approximate the control input u(t) instead of the conventional piecewise-constant function approximation. Specifically, we first subdivide the total time horizon [0, T ] into N subintervals [t k−1 , t k ), k = 1, 2, . . . , N , where t k , k = 0, 1, . . . , N , are monotonically increasing sequences and t 0 = 0 and t N = T , i.e.,
Note that the interior knot points t k , k = 1, 2, . . . , N − 1, are predefined parameters. Then, we approximate the boundary control u(t) as follows (an example is illustrated in Fig. 2 ):
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. . , N , are parameter vectors to-be-optimized and
In order to make the control function continuous and differentiable, we add the following linear constraints
Furthermore, in order to ensure that u N (t) is continuously differentiable (shown in Figure 2(b) ), we impose the following linear constraints 2υ k−1
Under approximation (7), the initial control constraint (3) becomes
and the terminal control constraint (4) becomes
B. CONTROL CONSTRAINT APPROXIMATION
Note that constraint (2) is a inequality path constraint which depends on the continuous-valued time variable t. It is difficult to solve such constraint directly in the optimal control field because an infinite number of constraints exist on the parameterized control during the time period after our piecewise-quadratic control parameterization. In order to handle the path constraint (2), the following non-smooth integral constraints can be used, i.e.,
However, the max{·, 0} is non-smooth max operator and the gradients with respect to decision parameters are zeros, this will lead to existing gradient-based solvers can not be used. Thus, we use a smooth function to approximate the non-smooth max operator, i.e.,
where α > 0 is a smaller smoothing parameter. it can be easy to verify that φ α (ϕ) has the following properties [25] :
Note that the maximal difference between φ α (ϕ) and max{ϕ, 0} occurs at ϕ = 0.
Based on the smooth function (14) and the control approximation (7), we add the constraints (13) to the cost (5) as the penalty terms and obtain the new objective function as
where ω > 0 is a penalty parameter, P N (l, t) denotes the solutions of system (1a)-(1d) corresponding to υ = (υ 1 ) , . . . , (υ N ) ∈ R N 3 . Thus, under the control approximation (7), we obtain the following optimization problem.
Problem Q 2 : Given pipeline transmission PDE system (1), our aim is to choose the optimal control parameter vector σ , in accordance with constraints (9)-(12), to minimize the objective function (15).
C. GRADIENT COMPUTATION
After piecewise-quadratic control parameterization, Problem Q 2 is now become a sequence of parameter optimization problems, whereas they can be solved by using existing nonlinear programming methods such as SQP. However, we need to first to obtain the gradients of the cost function (15) with respect to the control parameter vector υ. Since the cost function depends on υ implicitly through the pipeline fluid flow system (1a)-(1d), computing the gradients is a nontrivial task. We now develop an adjoint sensitivity analysis method to compute the required gradient formulas.
The gradients of the objective function (15) with respect to the control parameter vector υ can be obtained by the following lemma.
Lemma 1: The gradients of cost function (15) with respect to υ k , k = 1, 2, . . . , N are given as
where
, and λ 2 (l, t) is obtained by solving the following costate equations:
and the boundary conditions (18) and the terminal conditions
Proof: We write the objective function in augmented form as follows:
where λ 1 (l, t) and λ 2 (l, t) are Lagrange multipliers, S 1 (l, t) and S 2 (l, t) are defined in as
The augmented objective function G N α,ω (υ) is a multivariable function with changes in its variables P N (l, t) and V N (l, t).
Combing V (l, 0) =V 0 (l) with P(0, t) = P 0 , the variation of term
Substituting (22), (23) into (21) yields
Then, we introduce the following adjoint model
and the boundary conditions
and the terminal conditions
Substituting the adjoint system (25)- (27) into (24) yields
Base on the control approximation (7), the gradients of the objective function in Problem Q 2 can be obtained. Then the proof is completed.
Once we obtain the values of P(l, t), V (l, t), λ 1 (l, t) and
, then the cost function (15) and its gradients (16) by applying the Composite Simpson's rule [30] can be computed. Based on the obtained gradient information, we then can use the existing nonlinear programming algorithm such as SQP method to solve Problem Q 2 numerically. In Figure 3 , we give the overall gradient-based optimization framework for solving Problem Q 2 .
IV. NUMERICAL SIMULATIONS
Now we illustrate a numerical example to validate the effectiveness of our proposed method. The general single pipeline system in Figure 1 is a water-filled reservoir-pipeline-valve system, which has a 200 meter pipeline connected to a reservoir of height 20 meters [13] . The corresponding parameters in the pipeline fluid flow model (1a)-(1d) are given as: L = 200 m, D = 100 mm, ρ = 1000 kg/m 3 , c = 1200 m/s, F = 0.03 and P 0 = 2 × 10 5 Pa. Moreover, the maximum flow velocity is U max = 2 m/s, the terminal time is T = 10 seconds and a given constant isP = 1 × 10 5 Pa. In the cost function, we choose γ = 2. The reason is that in our numerical simulation procedure, we found that using larger values γ did not improve the optimization results much more, and this is also consistent with the results in [28] . The initial condition of the pipeline fluid flow is given asV 0 (l) = 2 m/s. SinceP 0 (0) = P, we can derive the initial pressure drop based on (1a), We set U fix = 0.9 m/s and T 1 = 3 seconds, thus the inequality path constraints become 0 < u(t) < 0.9, t ∈ [3, 10].
In our numerical simulation, we consider two piecewisequadratic boundary control strategies: one is the smooth boundary control input which is obtained by solving Problem Q 2 with constraints (9)-(12), another one is the nonsmooth boundary control input without constraint (10) . In our simulations, we set ω = 10 3 as the penalty parameter and α = 10 −8 as the smoothing parameter. Furthermore, we use the method of lines to numerically approximate the solutions of PDEs and costate PDEs in the optimization procedure. We partition the pipeline spatial domain into m equally spaced intervals. Based our gradient-based optimization framework for solving Problem Q 2 , we obtain the optimal solutions. In Table 1 , we give the optimal objective function values for N = 10 and m ∈ {16, 18, 20, 22, 24} under the smooth and non-smooth optimal piecewise-quadratic control parameterization with a penalty function approach, respectively. Figure 4 shows the optimal piecewise-quadratic boundary control with a penalty function approach and without a penalty function approach for N = 10 and m = 24. It is obvious that the method without a penalty approach cannot satisfy the inequality path constraints of the actuation input while the method with a penalty approach satisfies the condition. Figure 5 shows the pressure profiles at the pipeline terminus under the smooth and nonsmooth piecewise-quadratic control with a penalty function approach, respectively. Finally, Figures 6-7 show the water pressure evolutions along the pipeline for the smooth and non-smooth optimal piecewise-quadratic control strategies with a penalty function approach, respectively. The numerical results show that under our obtained optimal control inputs, the fluid pressure shock can be suppressed quickly and thus FIGURE 6. Water pressure evolution corresponding to the smooth optimal piecewise-quadratic control strategy with a penalty function approach for N = 10 and m = 24.
FIGURE 7.
Water pressure evolution corresponding to the non-smooth optimal piecewise-quadratic control strategy with a penalty function approach for N = 10 and m = 24.
the water pressure shock can be efficiently weakened. The results also show that the non-smooth piecewise-quadratic approximation scheme can yield much less pressure fluctuation and thus can obtain better results.
V. CONCLUSION
This paper proposes an efficient computational optimal boundary control method for solving the water suppression shock problem arising in a class of fluid flow transmission systems. The proposed method is mainly based on the piecewise-quadratic control parameterization method and the penalty method, wherein the control parameterization is applied directly to the original hyperbolic PDE system rather than reducing it as an approximation ODE system first. The adjoint sensitivity analysis is applied to derive the gradients of the cost function with respect to the decision parameters. Numerical results demonstrate the capability of optimal boundary control to significantly reduce the water pressure VOLUME 7, 2019 shocks and fluctuations and the capability of the penalty function to deal with the inequality path constraints. The approach proposed in this paper can be also potentially used for other related PDE-constrained control problems (e.g., [31] - [34] ). Nonetheless, there is still room for improvement, for example, some advanced control methods such as adaptive control scheme [35] - [39] , neural network control [40] - [42] can be also worth exploring in the mentioned PDEs system in the next step. 
